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THE STRUCTURE OF MFD SHOCK WAVES
FOR RECTILINEAR MOTION IN SOME MODELS OF PLASMA

MAHMOUD HESAARAKI

ABSTRACT. The mathematical question of the existence of structure for “fast”,
“slow” and “intermediate” MFD shock waves in the case of rectilinear motion in
some model of plasma is stated in terms of a six-dimensional system of ordinary
differential equations, which depends on five viscosity parameters. In this article
we shall show that this system is gradient-like. Then by using the Conley theory
we prove that the fast and the slow shocks always possess structure. Moreover,
the intermediate shocks do not admit structure. Some limiting cases for singular
viscosities are investigated. In particular, we show how the general results in
the classical one fluid MHD theory are obtained when “the plasma viscosities”
B and yx tend to zero.

1. INTRODUCTION

In this article we shall continue our work, begun in [12] for general cases on
the structure of MFD shock waves, of arbitrary strength for rectilinear motion
of a fluid which is, as a whole, electrically neutral. Two types of particles are
present: ions (mass m,; , charge e ) and electrons (mass m,, charge —e ). It is
assumed that stresses are defined by a scalar pressure and that thermodynamical
properties are those of an ordinary simple fluid.

As discussed in [9] and [10], the structure problem reduces to finding hetero-
clinic orbits for a six-dimensional system of ordinary differential equations as
given in equations (1.1). For this system the independent variable x is a coor-
dinate variable. The constant B, is the longitudinal component of the magnetic
induction, while the variables B, and B; are the components of this field on
the y- and z-axes. The characters m=m; +m;, P>0, u>0, E,, E3 and
C are all constants. The constants E; and E3 are the components of electrical
fields on the y- and z-axes. The variable u is the velocity which is related
to the specific volume of the fluid, V' by the equality u = mV , while T, p
and e correspond to temperature, pressure and internal energy, respectively;
& and &; are auxiliary variables which are defined by the first two equations
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of the system (1.1). The symbols 1, k and o~! are the viscosity, the heat
conduction and the Joule’s dissipation, respectively; S and y are two coeffi-
cients given by B = mymy(ue’m)=! and yx = (m; — my)(uem)~'. We call 7,
k, a~!', B and x the viscosity parameters. The viscosities n, k, ¢~! and
B are nonnegative, but y € R. For the derivation of these equations, we refer
the reader to Chapter 4 in [1].

dB
_—2_62,
dB
—3—53,
d B2
Buﬁ—53+< R
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The above system of equations has been studied before by Germain in [9]
and [10] and by Peyret in [17] and [18] for “fast” and “slow” shocks when at
least n = k = 0. However, in these papers no discussion has been given on the
stability of the flow, even for these special cases.

This system also has been studied by the author in [12] and [15] for “fast™,
“slow”, “intermediate”, “switch-on” and “switch-off” shocks whenever B; = 0
or ¥y = 0. For these cases the stability of the flow have been shown in both
papers [12] and [15].

For all the above special cases the system of six equations reduces to a system
of four equations.

This leaves open the question of the structures for the fast, the slow and
the intermediate shocks where all of the viscosity parameters are positive and
B #£0.

In order to handle this and related problems, we shall show that the system
(1.1) is gradient-like with respect to a real-valued function P (except for a very
special case). In view of the gradient-like property each isolated rest point is an
“isolated invariant set” the nondegenerate one has the Conley index different
from 0 (namely, the homotopy class of the one-point pointed space). Another
crucial fact is that the values of P at the rest points are the same as the entropy
of the system at these points.

With these facts established, the existence of structure reduces to showing that
for all viscosity values, the relevant rest points are contained in a large isolated
invariant set with the Conley index 0. This topological aspect is discussed and
appropriate references to the notions involved are given in §3.



MFD SHOCK WAVES 3425

In §2 we will study the nature of the rest points of the system (1.1). In §3
we shall build an “isolating neighbourhood” containing all complete bounded
orbits. In §4 we will prove the existence of structure for the fast and the slow
shocks. In §5 we see that the intermediate shocks need not always possess struc-
ture. Finally, some limiting cases, i.e., where some of the viscosity parameters
are zero, will be considered in §6.

We will make use of Conley and Smoller’s results in [4] and [5] extensively
from the next section in our work. Because of this, we present the following
statements to examine the difference and the relationship between Conley and
Smaller’s work in [4] and [5] and our work in this paper.

1. In both works the fluid is as a whole electrically neutral. In Conley
and Smoller’s work each particle in the fluid is electrically neutral too (because
of this, they have the word “hydro” in the titles of their papers). But in our
work each particle in the fluid is ionized as mentioned before (because of this
the word “plasma” appeared in the title of the paper). This fact causes the
. appearance of the dissipation coefficients f and y and the related terms in
our equations (1.1).

2. In both works the fluid motion is one dimensional (the x-axis direction
in our work). In our work each particle in the fluid moves just in the direction
of the x-axis too. But in the Conley and Smoller’s work each particle in the
fluid can move in the three-dimensional space. Because of this fact, they have
the dissipation coefficient u and the related terms in their equations (2.2) in

[4].

Now if we let 8 = ¥y = 0 in our equations (1.1), we obtain the system of
four equations (3.5) in §3, while if we let 4 = 0 in their equations (2.2) in [4]
we obtain the equations (3.5) in §3 too. Hence the rest points for both of the
system of equations (1.1) and the system of equations (2.2) in [4] are the same.
These relationships between the system (1.1) and the system (2.2) in [4] enable
us to take advantage of some results from [4] and [5] in our work.

2. THE REST POINTS AND THE PROBLEMS

Consider the system (1.1). As Kulikovskiy and Lyubimov mentioned in [16],
this system of differential equations is invariant under rotation of the reference
coordinate system about the x-axis. Thus we may assume that E; = 0 and
FE; > 0. Since m is the mass quantity and u is an electrical quantity, without
loss of generality we may assume that 4 = m = 1. Then u = mV implies
u = V. Also in order to avoid confusion in notation, and our work makes
extensive use of Conley and Smoller’s results in [4] and [5]; and of our previous
works in [12], [13] and [15], we replace x, B'/2, BY?¢, E;, P and B; by
t, a, yi, €, J and 8,1 = 2, 3, respectively. Using these the system (1.1)
becomes

(2.1) A = G(u) ( = %)

where 4 =diag(aV,aV,aV,aV,n, k)T, u=(By, B3, y2,y3, V, T)T and
G(u) = (G1(u), G2(u), G3(u), Ga(u), Gs(u), Gg(u))T with
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Gi(u) =y2,
Gy (u) =3,
o1
Ga(u) = ¢ +(V = 69)By - xa~'oys - T2,
-1
—(V — 52 -1 _ 0 )3

1
Gs(u)=p(V, T)+V + (B} + B}) - J,
1
Gs(u)=e(V,T) - §V2 - 5(
1
+JV + 5(y§+y§) —eB, - C.

~ 6%)(B} + B})

From now on we assume that 6 # 0 and ¢ > 0. For the case § = 0,
the reader is referred to [15]. The case ¢ = 0 will be considered in a future
publication.

Let S(V, T) be the entropy of the system. Following [4], [5], [12], [13], [14]
and [15] we assume that the following hypotheses hold:

H,: The functions p, e and S are positive when V , T > 0.

H,: Forfixed T>0, p(V ,T) > +oo as V = 0.

Hj: Given positive constants K and Vy, there exists Ty > 0 such that if
O<V<Vyand T>Ty, then e(V,T)>K.

Hy: Onanyinterval 0<V <V, S(V, T)— 0 uniformlyin V as T — 0.
As an alternative to H,, we could assume:

H,: Sy(=pr) and St are positive whenever V , T > 0, and for any fixed
V,S(V,T) converges to a limit independent of V as T — 0.

Hs: Py <0, pyy >0 and ps > 0, wherein p is considered as a function of
V and S.

We shall not use all of these hypotheses directly, but we will take advantage
of some results based on them.

In order to introduce the problem, it is necessary to make some observations
concerning the rest points.

At a rest point y, = y3 = By = 0 and B, = —¢/(V — 62). Substituting
these values of y; and B;, i =2, 3, into Gs5(u) = Gg¢(u) = 0, we arrive at the
following criterion for a rest point:

AV, T)= 132(V—52)—2+V—J+p(v, T)=0

BWV,T)= éz(V 6%)~! —éV2+JV—C+e(V,T)=0.

(2.3)

With the hypothesis pr > 0, we have 0F, /0T > 0. Also Sr > 0 together
with the second law of thermodynamics (i.e., de = —pdV + TdS) implies
OF /0T =er =TSt >0. Thus Fi(V,T)=0 and F(V,T) =0 determine
the graphs of functions 7,(V) and T5(V), respectively in the V', T plane.
These functions are not defined at ¥ = §2, which divides each of the graphs
into two branches (see Figure 2.1).

From the appendix in [4] we have the following theorem. (See also [12].)
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F (V. T)=0
F,(V. T)=0

F,(V, T)=0

ISR TI S

F(V. T)=0

FIGURE 2.1. The + and — signs show the sign of the
related function to the curve in the regions

Theorem 2.1. For fixed values of J, 0 and &, there are numbers Cy > C, such
that for C > Cy the system of algebraic equations (2.3) admits no solution
at all. For C < C; it admits precisely four solutions. Two of these solutions
are located in the region V > 82 and the other two are located in the region
0<V <82 For C=Cy,Cy <C<Cyand C = C,, it admits one, two and
three solutions, respectively. At most two of these solutions are located in V > 62
(orin 0 <V < 62).

For the proof of the above theorem the reader is referred to [4] with the hint
that by changing C to E in our equations (2.3) we obtain the equations (2.4)
in [4]. These equations are the same as (1.2.1) in [13].

From now on we assume that the system of algebraic equation (2.3) admits
four solutions. We call them (V;, T;), 0<i <3, where V>V, >862>V; >
V3. This means that the system (2.1) has four rest points

(2'4) ui=(BZi,BSiaJ’2i,,V3i, I/i,T'i)s OS’S3’

with By; = —¢(V; —0?)~! and Bj; =y =y3 =0.

In order to show that all of the above rest points are nondegenerate and
SWVi, T;) < S(Vig1, Tiy1), 0<i <2, we recall the following results from §1.2
in [13].

Theorem 2.2. (i) "%} = 0, precisely once in each of its branches, which are both
maximum. (ii) The curves {(V ,T): F>,(V,T)=0, Vi;,u; <V <V}, i=0,2,
lie in the region {(V,T): F,(V,T) < 0}. (iii) T»(V) is decreasing in the
intervals (Viy1, Vi), i=0 and 2.

For the case ¢ = 0 equations (2.3) reduce to the following

Fi(V,T)=V-J+p(V,T)=0,

Fo(V, T)=e(V, T)—%V2+JV—C=O.

(2.5)
Similar to (2.3), F1(V,T) =0 and F(V, T) = 0 determine the graphs of
functions T(V) and T,(V), respectively. From §3.3 in [13] we have the
following results.
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Theorem 2.3. (i) dT,/dV =0, precisely once. This is a maximum. (ii) If the
system of equations (2.3) admits four solutions, then (2.5) admits two solutions
say Vi, Ti), i=0,3,V3<Vo. Moreover Vi< V3 <1 <<V <W<
Vo. (iii) Tz(V) is decreasing in the interval [V3, V). (iv) For V € [V3, V3]
we have TL(V) < TL(V), but V € [Vi, V] implies To,(V) < TL(V).

For the proofs of these theorems the reader is referred to §§1.2 and 3.3 in
[13]. The graphs of F;(V,T)=0 and F(V,T)=0, i=1, 2, are depicted
in Figure 3.3.3 in [13]. We reproduce them in Figure 2.1.

We can now prove the following lemma.

Lemma 2.1. Let S(u) =S(V, T) be the entropy of the system as before ( ) S
is strictly decreasing along the curve Ty(V') in the intervals [Viy1, Vi], i =0,
and along the curve T,(V) in the interval [V3, Vo). (i) S(u;) < S(u,+1)
i=0,1,2.

Proof. (i) If we differentiate F>(V, T) = 0 with respect to V', we get

(u

2
fo

)
r

—182(V )TV +J+ey +eT—Z—I];3 =0.

2
But by the second law of thermodynamics ez = TSt and ey = TSy —p, so
15 2y-2 a7, _
—5¢ (V-06)*%- V+J—p+TSV+TSTd—V =0.

On the other hand —1e2(V - 62)2-V +J —p=—-F(V, T). Thus

T;
(2.6) T (SV + ST%) =RV, To(V)).
Then, by considering Theorem 2.2, it follows that for u € (V3, V5) U (V, Vo)
we have
dT,

Sy +STd—V

Thus gs < 0 along the curve T>(V) in the intervals (V;,, V), i =0, 2.
Hence S(V, T>(V)) is strictly decreasing in these intervals. Therefore
S(Vis1, T2(Vi+1)) > S(Vi, T2(Vi)) or S(uir1) > S(ui), i = 0,2. By using
a similar argument, we can show that S(V, T,(V)) is strictly decreasing in the
interval [V3, Vy].

(ii) According to Theorem 2.3, T2(V2) < Th(Vy) and T»(V;) < T»(V;). Since
Sr >0, S, Ta(Va) > S(a, Ta(W) and S(M, Ta(V1)) > S, T()).
But by the above S(V, T,(V)) is strictly decreasing in [V3, V] and V3 <
Va < Vi < V. Thus S(V2, T2(V2)) > S(Vi, T2(V1)) . Hence S(Va, Tr(V2)) >
S, Tr(N)) or S(uz) > S(u;). Therefore S(u;1y) > S(u;) for i=0,1 and
2. O

<0.

We will use the following lemma to show that all of the rest points u;,
0 <i < 3, are nondegenerate.

Lemma 2.2. At the rest point uy and u,, Sr[l + py — e*(V — 62)731 -8 is
Dpositive, while it is negative at the rest points u, and us.
Proof. Differentiating Fy(V, T) = 0 with respect to V yields

dT,
_e2(V — §2)-3 aty _
e“(V —6%) +1+pv+pTdV 0
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or
= LV =897~ 1= py)

On the other hand Fi(V, T;(V)) = 0 at the rest points. This and (2.6)
imply %Il (-=Sy), at these points. But from the nature of 77(V) and
TH(V) (see Theorem 2.2 or Figure 2.1) we must have %7{} > %%,1 at up and up
(< at u; and u3). Then by using pr = Sy we get

Sr[l+py —e2(V-6%)731-52>0,

at the rest points %y and u; (< at u; and u3). O

The linearized system of (2.1) at the rest point u; can be written as # =
M;(u — u;) where

— 1 -
0 0 o ? 0 0
0 0 0 — 0 0
aV
vV — 42 0 I 7 € 0
M= aV a?l? atV aV(V —d2)
= _ 52 -1
0 V-6 X9 o 0 0
aV a2V a?V? I+ S
3 )44 v
0 0 0 —
AR
v T
L0 0 0 0 * k.

in which the subscript i has been dropped and the identities pr = Sy, ey =
TSy —p and ey = TSt have been used. Thus

___i._ - S2

V-3 V|-

T(V - 82)
T {5 |1+ e -

Then Lemma 2.2 implies that the product of the eigenvalues at uo and u, is
positive and at u; and wu; is negative. Thus we have proved the following
theorem.

det M =

Theorem 2.4. Suppose in the system (2.1), de # 0 and this system admits four
rest points. Then all of them are nondegenerate.

Now consider the system of n conservation laws
(2.7) U+ f(u)x =0,

depending on a single space variable x € R and the time ¢ > 0, where u =
(U, Uz, ..., u,)T and f(u) = (fi(u), f(u), . , [u(w))T are n-dimensional
vectors. A weak solution u(x t) of (2.7) is known as a (simple) shock wave if
it has the form

u (x’ t) _ { U,

Ur,

X < st,

2.8
(28) x > st.

In that case u;, u, and s are related by the Rankine-Hugoniot jump condition

(2.9) S Q) = f(ur) = s(uy — uy).



3430 MAHMOUD HESAARAKI

Conversely, if (2.9) holds, then the function u(x, t) defined by (2.8) is indeed
a weak solution of (2.7) [20].

It is known that (the weak) solutions of (2.7) with given initial data are not
unique. To guarantee uniqueness one imposes an extra condition on solutions
of (2.7) known as an entropy condition. Such a condition is supposed to yield
the physically relevant solution, namely, the one which is a limit of solution of
the corresponding viscous equation:

(2.10) U+ f(u)x = plxx

u=diag(u;, 42, ..., Un) > 0, as the viscosity parameters u — 0.
A solution u,(x, t) of (2.10) is known as a travelling wave which joins u;
to u, if it can be written in the form

(2.11) uy(x, t) =v(x —st),
where the function v(y), —oo <y < 00, satisfies
(2.12) yggloov(y) =uy, ygggov(y) = Uy

If u,(x, t) isatravelling wave, then u;, u, and s satisfy the Rankine-Hugoniot
equation (2.9) and

(2.13) uj—; — f(0) — f(ur) = s(v - uy).

Observe that (2.9) shows that u, as well as u; are rest points of the system
(2.13). Thus, upon restricting ourselves to travelling waves, the existence of
shock wave (2.8) corresponds to the existence of an orbit (trajectory) v(y),
of the system (2.13) which joins the rest point u; to the rest point u,, and
v(x — st) tends to the shock wave solution (2.8) as 4 — 0 [20].

Definition 2.1. We say that the shock wave solution (2.8) of the system (2.7)
admits structure or possesses structure if the travelling wave solution v(y) exists
and v(y)»uy fory<0,

v(y)—u, fory>0
as u — 0. We also say that the shock wave solution (2.8) has the usual type of
profile or the flow is stable if

v(y) - u; fory<0,
v(y)—=u, fory>0

uniformly as the maximum of the viscosity parameters u,, ..., 4, approaches
zero, [11].

Finally, the shock wave (2.8) is also called a shock between u; and u,.

Suppose de # 0 and the system (2.1) admits four rest points, namely ug,
u,, u, and u; (ordered by increasing density). As discussed in [9], [10], [17]
and [18], the structure problem reduces to the existence of complete orbits of
the system (2.1) joining u; and u; for i # j (of course satisfying “stability
condition™). It is known that if an orbit runs from u; to u;, then i < j [9]
(see also Theorem 3.2 in the next section).

Shock waves between uy and u; (up should be left and u; right of the
shock) are called fast shocks. Shock waves between u, and u3 (uy should be
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left and u; right of the shock) are called slow shocks. Shock waves between u;
and uj, i=0,1 and j=2,3 (u; asleft and u; as right of the shock) are
called intermediate shocks.

In §3, by using a technique, similar to those that have been used by Conley
and Smoller in [4]-[8], [20], [21] and [22] and the author in [12] and [15], we
shall build an isolating neighbourhood containing all of the bounded complete
orbits of the system (2.1). In §4, we shall show that the fast and the slow shocks
have structure. In §5 we will see that none of the intermediate shocks admits
structure.

3. THE ISOLATING NEIGHBOURHOOD

In this section we shall show that the system (2.1) is gradient-like. This will
enable us to prove that the set of all bounded complete orbits of this system
is bounded and bounded away from T =0 and V = 0 independent of all of
the viscosity parameters. The related “isolating neighbourhood” contains the
travelling wave solutions [20] for the fast and the slow shocks. Prior to this we
have the following.

Given an autonomous system of ordinary differential equations in R"

(31) o = f,

we will denote by x -¢ the value of the solution of this system at time ¢ that
is x initially. As f is assumed smooth, x-¢ will be uniquely defined for each
X on an open interval of ¢ contains 0.

For SCR", JCR,welet S-J={x-t:xe€S,teJ}. Theset S is called
invariant if S-R=S. For Y C R" the w-limit set of Y is defined to be the
maximal invariant set in the closure of Y - [0, oo). Similarly the a-limit set of
Y is defined to be the maximal invariant set in the closure of Y . (—o0, 0].

By an orbit we mean a solution of (3.1) which is defined on an open interval.
By a complete orbit we mean an orbit which is defined for all values of ¢ € R.
We say that y(¢) is an orbit running from X, to X, if p(¢) is a complete orbit
and lim,_,_o, y(¢) = xo and lim,_ . y(¢) = x; . Then xo and x; must be rest
points. Such an orbit is called a heteroclinic orbit.

The system (3.1) is called gradient-like in the open set U C R", if there is
a continuous real-valued function 2 on U which is strictly increasing on non-
constant solutions of (3.1). The function 4 is called the gradient-like function.
We also say that this system is gradient-like with respectto # on U.

Note that the w-limit set of the orbit x - ¢ means the set of limit points of
sequences x - ¢, as f, tends to plus infinity, and the a-limit set of this orbit
is the set of limit points of these sequences as ¢, goes to minus infinity. It is
well known that for bounded complete orbit each of these two sets is nonempty,
compact, connected and invariant. In the case of a gradient-like system the re-
striction of the gradient-like function to each of these sets is constant. Therefore
each of them consists of rest points [2].

A bounded open set N C R” is called an isolating neighbourhood if x € 8N
implies x-R ¢ N (i.e., closure of N). An invariant set S is called an isolated
invariant set if S is the maximal invariant set in some isolating neighbourhood
N . In this case say N is an isolating neighbourhood of S.

Observe that isolated invariant sets are closed and that if N is an isolating
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neighbourhood of S, then any open set between N and S is also an isolating
neighbourhood of S§. The word isolated refers to the fact that there are no
invariant sets between S and N.

An isolating neighbourhood B is called an isolating block, if for each x € 8B
there is an ¢ > 0 such that x-(0,e)NB =@ or x-(—-¢,0)NB=@. Itis
well known that every neighbourhood of an isolated invariant set contains one
in the form of an isolating block [3] and [20].

Let B be an isolating block for the isolated invariant set S. The set b* =
{x€dB:3&>0x-(0,¢e)NB =2} is called the exit set of B.

Definition 3.1. Let S be an isolated invariant set and B any isolating block of
S with the exit set b*. We define the Conley index of S by A(S) = [%] , L.e.,
the homotopy equivalence class of the pointed space (l% , %) .

It is well known that A(S) is independent of B and only depends on S.
Namely it is well defined. For more details the reader is referred to [2], [3], [19]
and [20].

Now, we shall show that the system (2.1) is gradient-like. To do this, we
define the real-valued function P on V' >0, T >0 by

Pu)=T'"{3v?+ (Vv -6*) (B} +B3) - JV
- 103 +y})+eBy— f(V,T)+C}

where f(V, T) is the Helmholtz free energy function [23]. This function sat-
isfies

(3.2)

(3.3) fv=-p, fr=-S, e=f+TS.
From now on we assume that y = 0 whenever a = 0. Moreover ya~! is
bounded from above as (a, y) — 0 and for the case a = x = 0, ya~! =0

too. Although from the definitions of o and y these assumptions seem to be
irrelevant, from the physical point of view these make sense as the Hall effect
has not appeared in the MHD shock waves structure equations. See [10] or [16].

Theorem 3.1. The system (2.1) is gradient-like with respect to P(u) in the region
{u € RS :V,T > 0} for all choices of the viscosities except for two cases, (i)
n=k=0"1=0,(ii) a#0, 67! =¢=0.
Proof. If we differentiate P(u) along the orbits of the system (2.1), for the case
ank # 0, by using (3.3) we obtain

dp

_ . _ . _ _ .G R
E=T 2G6T+T lG'5V+T l(G3+Xa 1562-1-0‘ ]ﬁ>32

+ 77! (G4 - xa“éGl + a.—laG_f/) B3 - T"G,)‘)z - T_1G2y3

T 2
k

where G; means G;(u), 1 < i < 6. It is obvious that for the cases n =0 or
k = 0 the related terms drop out, and for the case @ = y = 0 we obtain the
same value for %‘—:— . Thus P(u) is nondecreasing along the orbits of the system
(2.1).

—Gi+ —GS +o0' T (B3 + BY),
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Now, suppose there is an orbit of the system (2.1), say y(¢), and ¢, < £,
such that P(y(¢;)) > P(y(¢2)). Then from %’ti >0, P(y(t)) must be constant
in the interval (¢, ¢;). Hence in this interval %ﬁ—’ = 0. This implies Gg(y(t)) =
Gs(y(t)) = 67 'By(t) = 07 'B;3(t) = 0 for ¢ € (¢;, t) and all choices of the
viscosities, where y(¢) = (By(¢), B3(¢), y2(t), y3(t), V(¢), T(1))T.

Here, we consider the following four different cases to show that y(z) must
be a rest point.

Case 1. nk # 0. From Gs(y(1)) = Gs(y(t)) = 0, we get T(t) = V(t) = 0.
Thus T'(¢) and V(¢) are constants.

If 0=! # 0, then B,(¢t) = B3(t) = 0. Hence y,(t) = y3(t) = 0, and B, (¢)
and Bj;(t) are constants.

If 67! = a = x =0, then the first four equations of the system (2.1) imply
y2(¢t) = y3(t) =0 and B(t) is constant for i =2, 3.

Suppose 6~! =0, ae # 0. Since V() is constant, the first four equations
of the system (2.1) are linear with constant coefficients for B;, B3, y, and y;.
Also from Gs(y(f)) =0 we obtain B2(¢) + B}(t) = const. These imply that

By(t) = Acos(wt + 0) + C,, Bs(t) = Asin(wt + 6) + C3,

for some constants w, 6, 4, C; and C,. Hence y5 2(t) + y3(t) = const. Then
Gg(y(t)) = 0 implies eBy(t) = const. Thus B;(¢) and y;(¢) are constants,
i=2,3.

Case2. n#0, k=0. From Gs(y(t)) = 0, we obtain ¥ (t) =0 or V(¢) is

constant. If 6=! # 0 or 6~! = a = x =0, similar to the above case, we obtain

yi(t) and B;(t) are constants. Then Gg(y(¢)) =0 implies 7'(¢) is constant too.
Suppose ¢-! =0 and ae¢ # 0. Differentiate Gg¢(y(¢)) =0 to obtain

erT + ey =V = (B} + B) + | V = (V = 6%)(B, B + B3 Bs)

+y2y2 +y3y3 — eB,

. B B
= eTT - (V - 5?) (-;;;2 + _;I);:;)

+ Zfe+(V = 0%)By = xa'oy3]

13—[(V —0%)B3 +dxa”yy] - e22 —erT =0.
vV aV
Since ey = TSy >0, T(t) =0 or T(¢) is constant. Now, similar to Case 1,
we can deduce y;(¢) and B;(¢) are constants, i =2, 3.

Case 3. # =0, k # 0. Again from Gg(y(t)) = 0 we obtain 7(¢) = 0 or
T(t) is constant. If o=! # 0, then B;(¢) is constant for i = 2, 3. This
and the first two equations of (2.1) and Gs(y(¢)) = Ge¢(y(¢)) = 0 imply V(¢)
and y;(t), i = 2,3, are constants. If 67! = o = y = 0, then from the
first four equations of the system (2.1) we get y,(t) = y3(¢t) = B3(¢) = 0 and
By(t) = —g[V(t) — 6%]~". Substituting these into Gs(y(¢)) = Ge(y(¢)) =0, we
conclude that V' (¢) and B;(t) are constants.

Suppose 6~! =0 and a¢ # 0. By differentiating Gg(y(¢)) = 0 and using the
identities ey = TSy —p and T(¢) = 0, similar to Case 2, we get TSy V() =0
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or V(¢) is constant. Now, using an argument similar to Case 1, we can deduce
B;(t) and y;(t), i =2, 3, are constants t0o0.

Case4. n=k=0, 0-' #0. From o~! # 0, we obtain B;(1)=0, i=2, 3.
These and the first two equations of the system (2.1) imply B;(¢) and y;(t) are
constants. Then from G;(y(¢)) =0, i =5, 6, we see that V' (¢) and T(¢) are
constants too.

According to the above, y(¢f) must be constant in the interval (¢, ¢;) for all
values of the viscosities except for the cases: k =n=0"!=0 and o #0,
o~! =& =0. Thus y(¢) is a rest point for those cases. Hence P(u) is strictly
increasing along any nonconstant orbit of the system (2.1) for the above cases.
The proof is complete by the definition. O

Remarks. (1) Note that from (3.2) and (3.3) we have
(3.4) P(u) = T7Y{=Gs(u) + TS(u)}.

Thus, for the case kK =0, P(u) =S(V, T). Because of this fact and the above
theorem, P(u) can be called a generalized entropy for the system (2.1).

(2) For the case k +n+0~! =0, from the proof of Theorem 3.1, we have
‘fi—’: =0, i.e., P(u) is constant along the orbits of the system (2.1). Thus along
each complete orbit of this system S(V, T) must be constant. On the other
hand from Lemma 2.1, the entropy admits different values at different rest
points. This means, in this case, the system (2.1) does not have any heteroclinic
orbits. This case was studied by Professor Germain in [9] and [10] and by
Peyret for y = 0 in [17] in detail.

(3) The system (2.1) is not gradient-like, when 6! = e =0, a # 0. We will
prove this claim by showing that in the case a # 0, 6~! = ¢ = 0, the system
(2.1) has some nonconstant periodic solutions.

Example. Suppose in the system (2.1), a # 0, 0! =¢g=0. Choose V =
xa” 16 +62~-1>0,andlet 4 > 0 and T > O be any solutions of the
equations

A2 +p(V, T)+7 J=0,

e(V,T)- V - (x0a”!'=2)4*+JV - C =0,
which exist if V3 <V < V. Then the curve

u(t) = (BZ(t) s B3(t) s y2(t) > y3(t) > V(t) s T(t))T

with B,(t) = y3(t) = A(cos wt +sinwt), B;3(t) = —y2(t) = A(sinwt — coswt),
w=a'(0%?+alyd-1)"', V(t) =V and T(t) =T, t € R, is a periodic
solution of the system (2.1). Therefore in this case the system (2.1) is not
gradient-like.

The next theorem is valid in some sense when the system (2.1) is gradient-
like even for the case ¢ = 0. Since, in §2, the rest points are considered for
the case ¢ # 0, we state and prove this theorem for & # 0. As we mentioned
before, the case & = 0 is not considered in this paper.

Theorem 3.2. Suppose in the system (2.1), € # 0 and this system is gradient-like
with respect to P(u) in {u:V >0, T > 0}. If y(t) is a nonconstant bounded
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complete orbit of this system, then this orbit must be running from a rest point
u; to arest point u; forsome i <j, 0<1i,j<3.

Proof. Since the system (2.1) is gradient-like and the rest points are isolated,
lim,,_ p(¢) and lim,_, ., y(¢) both exist and lie in the rest points set {u,, :
0 < m < 3}. On the other hand, from (3.4), P(u;) = S(4m). Thus by Lemma
2.1 P(u;) < P(u;) for i < j. Since P(u) is increasing along y(f), this orbit
must be running from u; to u; forsome i<j, 0<i,j<3. O

Now we will show that the set of all bounded complete orbits of the system
(2.1) is bounded and bounded away from T =0 and ¥V = 0. In fact we shall
find our bounds independent of A = (a, 5, k, o', x) and C whenever ¢, J
and ¢ are fixed.

From now on, without loss of generality we may assume that y > 0. For the
case x < 0, the negative sign can be passed to J in (2.2).

Let S(A, C) be the set of all points which lie on the complete bounded
orbits of the system (2.1) contained in V', T > 0 corresponding to fixed 4 and
C. Let Ay = (ag, No, ko, ao‘l , Xo) > 0 be given. By Theorem 2.1, there is a
number Cj such that for all 0 <1< 1y and C > C; the system (2.1) admits
no rest point. For C <« C; it admits four rest points. For C; < Cy and 49 we
define

S'=8"(h, C) =S4, C)
I

where
I={(A,C):0<A<4,C<C<Cy+1,n,k>0}

Note that for each (1, C) € I a complete orbit is a rest point or a heteroclinic
orbit.

The rest points of the system (2.1) are given by (2.4) which are independent
of A. The following lemma gives some bounds for the fifth and the sixth
components of those points of S’ which are rest points.

Lemma 3.1. There are constants 0 < a; < a; < d* < a3 <as and 0< b, < by
such that, if u € S’ is a rest point of the system (2.1) corresponding to some
(A, C) eI, then (V,T) €Y, where V and T are the fifth and the sixth
components of & and

Y={(V,T):Ve€la, a]Ulas, as], T € [by, by]}.
Proof. As we know (V, T) is a solution of equations (2.3) for some C; < C <
Co, independent of A. From (2.3) we see that (¥, T) is a continuous function
of C (implicit function theorem). Since, for fixed C, (V,T) € {(V, T) :
V € (0, 82)U (62, +0), T € (0, +00)} and the set [C;, Cp] is compact such
positive numbers a; and b,,, 1<k <4, 1<m<2, mustexist. O

The following Lemmas 3.2-3.5 are modifications of Lemmas 3.3-3.6 in [15].
Those parts of the proofs which are similar will be referred to [15].

Lemma 3.2. On ',V < J.

Proof. Let ue S'; then u e S(A, C) for some (4, C) € I. By considering the
fifth equation of the system (2.1), the remainder of the proof is the same as the
proof of Lemma 3.3 in [15]. O
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Lemma 3.3. There is a constant a >0 such thaton S',V >a and T > a.

Proof. Suppose such an a > 0 does not exist. Then similar to the proof of
Lemma 3.4 in [15], we can show that: There is a sequence of points {#;} in S’
whose T coordinates converge to zero. Moreover for each j, the point #; lies
on a complete orbit of the system (2.1), say y;(f) corresponding to particular
values of 4 and C, say 4; and C;, such that 7 =0 at @; on this complete
orbit. This means that Gg(#;) = 0 and T; — 0 (7, is the sixth component
of @;). If we denote our gradient-like function for the value C; by P;(u),
then from (3.4) we get P;(it;) = S(#;). Since 0 < V; < J and T, — 0, by
hypothesis Hy, S(u;)=S(V;, T;) — 0. Hence P;(u;) — 0.

Now, let Y be the set of points which is given in Lemma 3.1. Since Y
is compact and S(V, T) is continuous, So = infy ¢y S(V, T) > 0. By
Theorem 3.2, y;(¢) tends to a rest point, say u,; as ¢ tends to —oo. Then
Pj(aj) > Pj(umj) = S(umj) > So > 0. This contradicts P;(#z;) — 0. Hence
such an a > 0 exists. O

In the next two lemmas we assume that y = 0. After finishing the proof of
Lemma 3.5, we will see that these lemmas are valid for y # 0 too.

Lemma 3.4. There is a constant M such that if u € S’ lies on a complete
bounded orbit of the system (2.1) corresponding to y =0, then |B,|, |Bs|, |y2|
and |ys| are less than M .

Proof. We will consider three different cases as follows.

Case 1. a = 0. From the first two equations of the system (2.1) we obtain
yi=0, i =2, 3. Then the last four equations reduce to the following system
of ordinary differential equations (assuming y = 0):

6 'By=¢+(V -6%B,,
07'By = (V - 6%)Bs,
nV=pWV,T)+V+i(B2+B})-J,
kT =e(V,T)-3V2-L(V—-6%) (B} +B})+JV —¢B, - C.

(3.5)

These equations are the same as the system of equations (1.1) in [5] if we let u =
0 in the latter system. Conley and Smoller have shown in [5] for fixed C, there
is an isolating block for this system which contains all of the bounded complete
orbits for all parameter values 0 < (1, k, 67') < (1o, ko, oo") . Since C isa
regular parameter, this isolating block can be modified to another block which
contains all of the heteroclinic orbits for 0 < (n, k, 6~') < (1o, ko, o5 ') and
C) < C £ Cpy. Thus in this case such an M exists.

Case 2. a #0 and small. Let a;, 1 < i < 2, be the same as in Lemma 3.1
and g asin Lemma 3.3. Let V, C and r with ¢, <V <a,, C;<C< G
and 0 < r < Imin(a, 62 — a;) be fixed. Then N, = {(Bz, B3, y2,)3) :
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(B + 7557)% + B + 2 + y} < r?} is an isolating neighbourhood for the system

dB, dB;
aVW_JQ, an—y:i’

dy2_ 2 U_]

W—"H‘(V—é )Bz—a—V}’z,

dy3_ 2 o~!

ar =(V-4 )B3_a_Vy3’

which can be continued over the region M = {(V,T): 4 <V < %(az +62),
¢ < T}. On the other hand, there is an 0 < ry < 1 min(a;, 62 — a;) such that

for each (ry, ry, r3, r4) with 1 2 <r2 the system

i=1"i

. 1 € 2
=3 [("‘m) +n

2
(O ke, 1)~ v L-s [(_7{_57 +r1) +

+V-J+pV,T),

+JV

1 £
+§(r§+r‘%)—8<—m+rl>—c

admits two rest points which lie in the set

W={(V,T):%al <V<az+%((52—a2), %a<T<2b2}

where b, is given in Lemma 3.1. It is known that for given n > 0, kK > 0
and Y} ,r? < r2 there is a unique orbit of (3.6) connecting the above rest
points [13, p. 94]. Along this orbit V' is decreasing and T is increasing. Thus
N is an isolating neighbourhood for (3.6) which contains all of the complete
orbits between the above rest points for 7, k > 0 and all possible values of r;,
1 < r; < 4. Therefore by Corollary 2.4 in [5] the set

NC={u:(Bz,B3,J/'2,J’3)€Nr0, (V, T)GIT/}

is an isolating neighbourhood for the system (2.1) whenever min(7y, k) > «a.
Thus there is a positive number A4 such that if Max(%' » #) < Ao, then the set
of all heteroclinic orbits between u, and w3 must lie in N-. Since C is a
regular parameter, N can be widened to a block, say B; valid for all flows
parametrized by C, < C < Cy. Moreover B; contains all of the heteroclinic
orbits corresponding to the slow shocks. Similarly there is a block B, containing
all of the heteroclinic orbits for the fast shocks whenever C; < C < C; and
Max(% » ) < Ao . Therefore there is an M > 0, such that for small values of
a all the complete bounded orbits for the fast and the slow shocks in S’ lie in
the set {u € RS : |u| < M}.

Case 3. o > 0 and large. For simplicity we set ¢ = a~'t, u = a"'6~! and
7' = na~!. Using these and y = O the first five equations of the system (2.1)
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B,

1

D ya

-1-¢

FIGURE 3.1. The arrows on the boundary of D show
the direction of the flow on this set

can be written as

de _ dB; _
dt, Y2, Vﬁ—y:i’
dy, 2
th, +(V =0°)By — V
dy; _ 2 _
gt—,—(V-fs )B3 #7,
,dv

1
N = 5B+ B)+V =T +p(V, T).

If a <V < J, from the first four equations we see that |B;| and |y;,
i =2, 3, decrease at most exponentially. Thus given any positive constants K
and ¢, two constants M > M, > K can be found (depending on the upper
bound for u) such that any orbit initiating at point (B, B3o, Y20, Y30, Vo, To)
with y% > M, which is defined for ¢ € [0, J], either V ¢ [a, J] for some ¢ €
[0,J] or y? > K forall ¢ €[0, J], i =2, 3. Moreover any orbit initiating
atapoint (B}, B}, vy, vy, V', T") with (B?+y/?) > M? which is defined for
t' €0, )], either V ¢[a, J] for some ¢ € [0, t5] or (B?+y?) > 2M; for all
tel0,5], i=2,3.

Now let § = tan™! % with @ = 0 (mod 27) on the positive yj-axis. A
straightforward calculation gives:

d9 _ 1 & . 2 .2 ,u .
a7 = [cos 0 - Wsm&— (V —6°)sin“ 0 + Vsm&cos@ .
Thus given po > 0, we can choose a constant 0 < ¢ < % such that for Bz+y
(14e)2,a<V <J,0<pu<pand |8 < ¢ or |§—n| < ¢, wehave 3¢ > ;L.
Now define
D= {u Bz <C(Bz+y2) a<V<J B2+y2 (1+8)2}

where ¢ =tan®¢(1+tan?¢p)~! < }. Thus D depends only on 4. See Figure
3.1.

From %f—f > % we see that any orbit segment on which V € [a, J] and
B2 +y2 > (1 +¢)?* either stay out of D or else spends a time (i.e., an interval
for ¢) in D which is at most 4¢J . Note that such an orbit having crossed out

of any component of D, it cannot re-enter the same component of D without
passing through the other component of D.
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Now for given #n{ > 0, choose K > (1 +¢)? so large that cK > 2(J + n{)
and f, = (2 + 4¢)J. Then by the above argument, there are two constants
M > M, > K such that any orblt initiating at a point y2 > M, , either V ¢
[a, J] for some ¢’ € [0, J] or y? > K forall ¢ € [0, J]. Moreover any orbit
initiating at a point B,2+)'2 > M?, either V ¢ [a, J] for some ¢ € [0, #)] or
BZ +y3>2M, > 2K for ' €0, t}].

We shall now show that B3(¢')+y32(¢') < M? on S’ for u < po and n’ < nj).
Suppose not then there is an orbit in S’ which starts at B%(O) +y3(0) > M?
and along that orbit B3(¢') + y3(¢') > 2M; > 2K > 4(J + ) for ¢ € [0, #].
Note that in S’, V ¢ [a, J] cannot occur. If the orbit segment is ever in D
it gets out in time 4¢J. Thus if the orbit does not lie completely out of D
for the time interval [0, J], then it goes through a boundary point of D at
the time # € [0, J + 4¢J]. Since B}(t}) = c[B2(t}) +»3(¢})] and 0 <c < i,
we must have y3(#}) > M, . Thus, by the above argument, in the time interval
[#,, ¢, + J] along the orbit, y3(¢#') > K > 0. Since the orbit cannot re-enter D
without crossing y, = 0, the orbit must lie outside of D for the time interval
[, J+1]. Since [t], J + 111 C [0, #)], B3(t') > c[B3(t') + y3(¢')] > 2(J + n})
for a time interval J . Therefore for 0 < n' < 1

d V
Tar =
or 4% > 1 for the time interval [z}, , + J] where t, =0 or f;. Thus

SUBA(C)+ B+ V() = T +p(V(1), T(0) 2 B3 =T 2 np >

t+J
/2 %dt>J or V(ty+J)>J.
t,

Such an orbit cannot lie in S’. Hence B3(¢') + y3(f') < M? on S’ for u < po
and 0 <7n' <nq.
With a similar argument for B3 and ys3, the lemma is proved. O

Lemma 3.5. There is a constant Ty such that if u € S’ lies on a bounded
complete orbit of the system (2.1) (assuming y =0), then T < Ty at u.

Proof. By considering the sixth equation of the system (2.1), the proof is similar
to the proof of Lemma 3.6 in [15]. O

Now, define the set No = N(ap, 1o, ko, g5 ', C1) by
_ 6. a a
No_{ueR .|u|<M+J+To,V>2,T>2}

where a, M and T, are as in the above lemmas. Then N, is an isolating
neighbourhood for all flows parametrized by (4, C) € I, x = 0. Moreover N
contains all of the bounded complete orbits. Since y is a regular parameter,
Ny can be “widened” to a block valid for all flows parametrized by (4, C) € I,
which contains all of the bounded complete orbits. Thus we have proved the
following theorem.

Theorem 3.3. Given the set of numbers J >0, 6 #0, C;,e >0 and A9 =
(a0, Mo, ko, g ', x0) > 0, there are positive numbers M and a such that the
set N={u€R®:|u/<M,V >a,T>a} isan isolating neighbourhood for all
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flows parametrized by (A, C) € I. Moreover N contains all bounded complete
orbits of the system (2.1) for all values of these parameters.

Remark. In the above theorem the bound a is independent of A and C. The
bound M isindependent of A and C for the heteroclinic orbits corresponding
to the fast and the slow shocks. For the heteroclinic orbits corresponding to the
intermediate shocks, M depends on the upper bound for 6-'a~! and na~!.

4. EXISTENCE OF STRUCTURE FOR FAST AND SLOW SHOCKS

In this section we shall show that if for given values of J, C, J and ¢
as before the system (2.1) admits the four rest points u;, 0 < i < 3, then for
ank >0 and yo~! > 0 there exist a heteroclinic orbit between uo and u; and
another one between u#; and u3. Then we will show that, in fact, the related
shock waves admits structure [20].

Let u;, 0 <i < 3, be the rest points as before. As we proved in Lemma 2.1,
S(u;) < S(ujyy) for 0<i<2. Let Ky = %[S(u,) + S(u;)], and define

Noo=Nn{ueR:Pu) <Ko}, Nu=Nn{ueR®:Pu)> Ko}

where N is introduced in Theorem 3.3 and P(u) is defined by (3.2). Let Sp;
and S,3 be the set of all points on the complete orbits which are contained in
Ny and N,3, respectively.

Lemma 4.1. The sets So; and S,3 are both isolated invariant sets. Moreover
No1 and N3 are isolating neighbourhoods of Sy1 and S»3, respectively.

Proof. We prove the lemma for Sp; and Ny, ; the proof for the other case is
similar. Since Sp; € S’ and S’ has no limit point in N, Sp; cannot have a
limit point in Ny NON .

Now, let # € Ny N {u : P(u) = Kp}. By Theorem 3.1, P(i-t) is an
increasing function with respect to ¢. Moreover, it is continuous with respect
to (&, t). Thus that point as well as a neighbourhood of it leaves the set Ny,
as ¢ increases. Hence no point of Sj; lies in this neighbourhood. Therefore
So1 C Npi. This means that Sp; is an isolated invariant set and Np; is an
isolating neighbourhood of it. O

Now, note that Ny; and N,; are also isolating neighbourhoods for all nearby
flow generated by parameter value C (in fact for all regular parameters). By
Theorem 2.1, there is no rest point for the system (2.1) for C > Cy. Thus
h(So1) = h(S23) = 0. On the other hand ug, u; € So; and u,, u3 € Sy,
also by Theorem 2.4 all of these rest points are nondegenerate. Moreover, the
system (2.1) is gradient-like with respect to P(u) in V', T > 0. Therefore by
considering Theorem 22.33 in [20] we have proved the following theorem.

Theorem 4.1. Assume that hypotheses H\-Hs hold. Let the system (2.1) admit
the four rest points u;, 0<i <3, and ank >0 and yo~' > 0. Then there is
a complete orbit of this system which is running from ug to u, and another one
which is running from u, to us.

Now we shall examine the behaviour of the connecting orbits between u;
and u;,,, i =0, 2, whenever C, ¢, 6 and J are fixed and the maximum of
the viscosity parameters tends to zero. From this we deduce that both the fast
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and the slow shocks possess structure. We do this for the fast shocks; the same
argument works for the slow shocks too.

Consider the set Ny, which contains the connecting orbits between uy and
u; for all values of A, 0 < A < A, with ank > 0. For given small r > 0, let
¢y and ¢f denote closed balls of radius r about uy and u; respectively, which
are contained in the interior of Np; . Let N, = Ny, —(cjUcy) . If the connecting
orbit is u = y(¢), we denote by uj and u]-two points of the orbit which meet
Ocy and Ocj respectively, say y(f;) =uj, i =0, 1 (where t; depends on r).
We may assume that for 7o <t < ¢#;, y(f) liesin N,, for t < ¢ lies in ¢j and
for ¢t > ¢; liesin cf.

Let P(u) be given by (3.2). Let the constants a, M and the isolating
neighbourhood N be as in Theorem 3.3. We define the real-valued function Q
on N by

(4.1) Q(u) = P(u) + bleyz + (V — 6°)(Boyz + Byy3)]

where b is a positive constant which will be introduced later.
If we differentiate Q along the orbits of the system (2.1) we obtain

d T2 T-!
L_I G+ 5 (Gs + bTBG\)? + (G5 + BT B1G)’)

L0 Gy+Z G+ﬁG g G+U—_IG—X§G
2aV 3 1 2 4 aV 2 1
- 2 - 2
(o~ 2a) s (Gre226) v civail
(4.2) aV a aV a

1 (o-!T"!
+—( 57 +b)(G%+G§)

1 (o~'T"! » 2 X7« 2p2) 2
+ gy (Do - 2% -2 2V2—2b5 ——ETVb 5) 6
P (T syl —2b52"—-2TVb232) G
2V \ aV a?V? o )

where G; means G;(u), 1<i<6.
Now suppose p = max(a, 7, k, 6~!, x) — 0 such that

-1
g
<—<m <m
8]

QI=X
IN
3

| R

1
m

for some positive constant m . Choose b = jsa(m + 1)=3(M + 1)=*. Then on
N, for i =2, 3, we have

-
07T s _0p 9

2
(4.3) - 26825 _ 2TV 282 > 0.
a2 7

22V?
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Consequently, along the orbits in N, we must have

‘2—? > %{M‘ZG‘% + %M“[(Gs +bTBG))? + (Gs + bTB3G,)?]

2 2
—1 -1
o (654 260+ 226, ) + 6o+ L6, - 22a,
2 aV a aV a
2 2
o1 x0 o1 X0
* (EVG‘ - EGz) * (WG” o 1

+G}+ G}

+ (%M*m“ + b) (G? + G%)}.

Thus, there is a constant J, > 0 such that along the orbits in N,, 22 > 16,
Since along the connecting orbit, d?g >0,

S(u1) — S(uo) = P(ur) — P(uo) = Q(ur) — Q(uo) > Q(uy) — Q(u3)
> 'dez/'%&,dx:%ar(n—to),

1o to
so that (f; — ty) < constp. Therefore the “time” that the orbit is outside of
cpUc] goes to zero as p — 0. This implies that the fast shock (similarly the slow
shock) has the usual type of profile or is stable or admits structure. Therefore
we have proved the following theorem.

Theorem 4.2. Assume that hypotheses H\-Hs hold. Then fast and slow MFD
shocks of arbitrary strength for rectilinear motion in the model of plasma have
structure.

5. THE INTERMEDIATE SHOCKS

As we mentioned earlier, by an intermediate shock, we mean a shock which
on one side takes a value in the set {ug, #;} while, on the other side, takes a
value in the set {u;, u3}. We shall show that none of these shocks has structure.
We shall confine our discussion to the intermediate shock between u; and u;.

Suppose the shock between u; and u, admits structure. Then there are
positive constants ag, 7o, ko, d; ' and xo such that for each

0<(a,n,k,07", x) < (a0, M, ko, a5", X0)

a heteroclinic orbit between u; and u, exists. Moreover, there is a constant
M such that |u| < M whenever u lies on any of these heteroclinic orbits.

Let M > J + 1 and the positive constant a be as in Lemma 3.3. Consider
the real-valued function Q(u) which is defined by (4.1) on the region W =

{u e RO :|lu <M,V >a, T >a}. Set b = ﬁ;ﬁ;‘i—, in Q(u). Then
for the viscosity parameters a, n,0"!, k >0, x > 0 with n > M?§~%c"!,
o~ ! > |dlaa and 7! > |d|ay the inequality (4.3) holds on W . Thus by (4.2)
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Q(u) is increasing along the nonconstant orbits of the system (2.1) in W for the
above viscosity parameters. Note that by Lemma 3.3 along every heteroclinic
orbit we must have V' >q and T > a.

Choose the constant mg such that both 0 < 2mg < 62—V, and mg < ¢/4M
hold, where V5 is the fifth component of u,. If §2—2my < V < 6% —my, then
from (2.2) we have

G3+Xan+———G,

=le—(V =6N)By| 2 e~ |V - 8% |By| > 7.

Now suppose y(t) is a connecting orbit between u; and u, corresponding to
the above viscosity parameters lying in W . Then it must have a segment on the
strip 62 —2mg < V < 62— my which runs from 62—V =mg to 62—V =2my
in the time interval [f;, t;]. Then, by considering (4.2), in this interval we

must have 40 | |
YSs _ pM- _ L opag-1g2
di "ZabM (4 ) galM e

Thus
L
_ _ _ Pl L i,
S(u2) - S(uy) = Q) — Q(uy) > / - bM™'e dt = g-bM ™2t ~ 1),

Now let My = Max,ew |Gs(u)|. Then

L t
my = (8% —mo) — (82 —2mg) = [ vdi= [ W 4

13} n

tzMo M,
< —dt=—(t — ;).
_/t. ” ’1(2 1)

Hence
S(uz) = S(u1) 2 8LbM_182(t2 —t)2 lbszmoM"Mo"g
1 2 3a—1 N
80m£aM My e

which is impossible if -L; is large. Therefore we have proved the following
theorem.

Theorem 5.1. Given positive numbers M and a, then there is positive number
A such that for all viscosity parameters A= (o, n,k,a™ ', x) >0 with c7! >
|6laMax(a, x) and n > Ac~", there is no connecting orbit between u; and u;,
i=0,1, j=2,3, inside the region {u:|u| < M}.

Corollary 5.1. The intermediate MFD shock waves in the model of plasma do
not admit structure.

6. SINGULAR VISCOSITIES

In this section we shall examine the behaviour of the connecting orbits for
the fast and the slow shocks as some of the viscosity parameters tend to zero.
In particular, we shall see how the general results of the MHD theory [4], [11]
and [13] can be obtained when making (a, x) — 0.
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Let X be a topological space and G an infinite collection of subsets of X,
not necessarily different. The set of all points x of the space X such that every
neighbourhood of x contains points of infinitely many sets of G is called the
limit superior of G and is denoted by lim G or limsup G [24].

Let X and Y be two topological spaces, I C Y and the function G assign
to each point u of I asubset of X ,say G,. For up € 01, when p — uo, we
define limsupG, = limG, = ,1limG,, , where J is the set of all sequences
in I which converge to ug .

Let Q; C R*, Q, C R™ and A C R4 (R, = (0, o0)) be open with 0 € A.
For (x,y) € Q; x Q, we consider the system of equations

(6.1) X=f(x,y,n), Bpy=gx,y,n
where u € A is a vector-valued parameter, B(u) an m x m nonsingular diago-

nal matrix, B(u) — 0 as 4 — 0,and f and g are continuous on Q; xQ;xA.
Now we have the following lemma.

Lemma 6.1. Suppose for each p € A, the system (6.1) has exactly two rest points
(X0, Yo) # (x1, y1), independent of u, in the closure of a bounded domain Q
with Q c Q; x Q,. Moreover the following conditions hold.

C:: f is uniformly Lipschitz in Q x A.

Cy: For each u € A there is a heteroclinic orbit of (6.1), say y(t, u) =
(x(t, u), y(t, u)), running from (xo, yo) to (x1, y1), lying in Q.

C3: There is a continuous function f(x,y) from Q to R" such that
fCx, v, )= f(x,y) uniformly on Q as u— 0.

Cq: g(y(t, u), u) — 0 uniformly on any compact interval as u — 0.

Cs: Given positive constant a there is a positive constant M such that for
t

|y(t3 [l)—y(t, .ul)lsM |y(03 ”) - y(oa lul)l +F(ta U, Iu’) + ‘/0 F(S, u, ‘U’)ds

where

|t| <a and |u| and |u'| small,
F(t,p,p)=x(t, p)—x(t, u)| + 180, u), ) — g, ), &)l

Ces: There is a continuous function g(x,y,y) from Q; x Qy x R™ to R™
such that if u — 0 and y(t, u) — y(t) = (x(t), y(t)), uniformly on compact

intervals, then g(y(t, w), we) — g(x(t), y(t), y(1)).
C;: The system

(6.2) x=f(x,y), 0=3g(x,y,5)

is gradient-like with respect to a function h on Q with h(xq, yo) < h(x1, ¥1).
Then S = limsup{y(¢, 1) : t € R}\{(xi, yi), i =0, 1} is a nonempty union
of heteroclinic orbits of the system (6.2) running from (xo, yo) to (x1, y1) in
Q.
Proof. Let {u;} be a sequence in A which tends to zero and y,(t) = (xi(¢),
V(1)) = (x(¢, u), ¥(t, uy)) be a heteroclinic orbit corresponding to u; . Since
Q is compact, we may assume that {y,(0)} converges to a point in Q —
{(xi,yi),i=0,1}. Let a > 0 be given.
Condition C; implies there is a constant M, such that for |¢| < a,

|f(i(®), i) = f(2i(0) 5 )] < Myl|yi(t) — v, (O] + |i — 1]
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Now, set z;(¢) = g(yx(t), ux). Then by C4, z,(t) — O uniformly on [-a, a].
Moreover by Cs,

[yi(t) = y;()| < M{Iyi(O) = 2;(0)] + |xi(2) — x;(0)] + | zi(2) — z(¢)]
(6.3)

+ / [1x:(5) = 2;(5)] + |zi(s) — z;(s)|1ds
0

Thus for ¢ € [0, a] we can write

1xi(2) = x;(2)] < |xi(0)_xj(0)|+/0 IS (7i(s), i) = f(i(s), my)l ds

< [74(0) = 7;(0)| + My /0 Txi(s) = %)) + i(s) = v5(5)| + s — 1 s
< (1 +aMM)|7:(0) — 7;(0)| + MMa(1 + a)H,j + aM|p; — ujl
+M(1+M(1+ a))/ot |xi(s) — xj(s)|ds
where H;; = supj,<,|zi(¢t) — z;(t)| . Thus by Gronwall’s inequality

xi(2) — x;(2)] < bII7:(0) — 7;(0)| + |ui — pj| + Hijle*

where b = 1+ M;[(1+a)(1+M)+Ma?]. Since z,(t) — 0 uniformly on [0, a]
H;; — 0 as min(i, j) - oo. Hence {xx(#)} is uniformly Cauchy on [0, a].
On the other hand, by using (6.3), for ¢ € [0, a] we have

|%:(2) = X (O] = 1S (@i(t) s i) = f(;(2), wj)l < Myllyi(8) — 2 (D] + i — ]
< Mi[M]y;(0) — 7;(0)| + (1 + a)M H;j + (1 + M + Ma)G;j]

where G;; = supj <, |xi(f) — x;(¢)|. Hence {X;(f)} is uniformly Cauchy on
[0, a] too. Finally from (6.3) we see that {yx(#)} and so {yx(¢#)} are uni-
formly Cauchy on [0, a]. Suppose yi(t) — y(t) = (x(¢), y(¢)). Then y(t) is
continuous and X (¢f) — x(¢) uniformly on [0, a]. Thus we can write

x(0) = lim fOn(0), ) = T((0) = F(x(@), (1),
where in the second equality we used C; as well as C3. Also from C4 and Cg
= Um g(y(t), ) = 8(x(1), (1), y(1)).

Thus y(¢) is a solution of (6.2) in [0, a). Similarly, itis in (—a, 0]. Therefore
it must be a solution of (6.2) in R.

Since the system (6.2) is gradient-like with respect to 4, y(¢) must be running
from (X(), yO) to (xl ’ yl) .

Now, if (%, y) € S, then there are {u;} and {y(¢, ux)} such that u;, — 0
and (0, ux) — (%, y). Thus by the above argument (X, y) lies on a hetero-
clinic orbit of the system (6.2). This completes the proof. O

Lemma 6.2. Suppose in the system (2.1) n,k,o~! > 0 are fixed, a > 0 and
ma > x for some constant m > 0. Then there exist positive constants my and
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my > 1 such that |6%2—V| > myg if u lies on a complete orbit of the system (2.1)
running from ug to u, (resp. uy to us) whenever o is small and n > myoc~!.
Proof. Let the constants M and a and the isolating neighbourhood N be the
same as in Theorem 3.3. For a < [a(M + )(m+ )]}, b = IOL;{;;‘—?—. define
the real-valued function Q(#) on N by (4.1). Choose the constant mg such
that both 0 < 2my < V; — 6% and my < ¢/4M hold, where V) is the fifth
component of u;. If 62+ my < V < 6% + 2my, then from (2.2) we have

Gy + ﬁGz+ G—_IGI‘ =le—(V —-0%)B,|>¢e— |V —6%|By| > £

o aV = =2
Now suppose y(¢) is a heteroclinic orbit between uy and u; corresponding
to the above viscosities having some points in the region |62 — V| < mg. Then
it must have a segment on the strip 6% + mg < V < 6% + 2mg which runs from
V —6%2=my to V — 6% = 2myg in the time interval [¢,, £,]. In this interval

from (4.2) we get
o (1 11,2
a2 _ZabM (4 ) % bM~e°.

Thus
t —152 152
S(un) — (o) = Q) ~ Quo) > [ e =Ty ),

14
2 Gs(u)

t
mo=(52+2mo)—(62+m0)=/2Va’t= dt

h 1]
2 M, M,
< —dt=—(t, - t1),
_/h c (0 1)

where My = Max,cy |Gs(u)|. Then
S(uy) = S(u) > ——bM~1eX(t, — 1) > %bszmoM"Mo“g

8a
_ 2as-33g-1_1
8Om.s'aM M, e

which is impossible if a—% is large. Thus such an m; > 1 exists too. The proof
for the case u, and u3 can be done similarly. O

As we mentioned in §3, we assume that y — 0 as a — 0. Moreover, ya™!
remains bounded from the above during the limiting process. In the following
theorem we use these assumptions.

Theorem 6.1. Suppose in the system (2.1), n,k,c™' > 0 are fixed and 0 <
a<ay, 0<y <xo, (a,x)— 0 such that 0 < ya=' < m for some con-
stant m. For fixed o, x, let y,(t) be a complete orbit of the system (2.1)
which is running from ug to wy. If a~'n~' < min(m;"', imom;"), where
m, = Maxyen,, V~!|Gs(u)|, and mo and m, are given in Lemma 6.2, then
im{y.(t) : t € R}\{uo, uy} is the unique heteroclinic orbit of the system (3.5)
runlning from uy to u, corresponding to the viscosity parameters n, k and
ol

Proof. We will show that the system (2.1) (as (6.1)) together with uy and u,
(as the rest points), the isolating neighbourhood Ny; (as Q), (a, x) (as u),
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FIGURE 6.1. The arrows show the direction of the flow
on the boundaries of W, and W,

(Gs(u), Gs(u))T (as f), V=Y Gi(u), Ga(u), G3(u), Ga(u))T (as g) and the
system (3.5) (as (6.2)) satisfy conditions C;-C; of Lemma 6.1.

Conditions C;, C, and C3 obviously hold. In order to see that condition
C, holds, for given ¢y > 0, we define

Ws = {u € Noi : |G3(u)] < eo}.
If we differentiate G3(u) along the orbits of the system (2.1) we get

dG; 1 , 671Gs o 'Gy « X
(64) W_W[(V—é +—;7—-I7) Gl—_a_7+ﬁVBzG5_aaG4 .

Since 0 < £ <m and o~'n~! < m;!, the flow gets into W3 on W3 for small
values of o and x. Since up and u; are in W3, G3(y.(t)) — O uniformly on
R as (a, x) — 0. Similarly G4(7,(¢)) — O uniformly as (a«, x) — 0. In order
to see that G1(7.(¢)) — O uniformly, for small values of o and given g > 0
we define

Wi={ueNy: V =62 >mo, |Gi(u)| < &},
Wy={ue Ny :V—-6>mg, |Gi(u) > e, Gi(u)G3(u) > 0}.

Now Ga(7.(f)) = 0, 0 < £ < m and by Lemma 6.2, along 7,(t), V — 4%+
9—;—'—6,-} > Thus <4 = & and (6.4) imply that the flow gets into W, on
OW,, goes out of W; on OW; N oW, and gets into W; on W \oW, for
small values of o and y . These results are illustrated in the (G;, G3) plane in
Figure 6.1, where the arrows show the direction of the flow on dW; and oW, .
We claim that for small values of o and y, y,(¢) must lie in ;. To see this,
note that, if this orbit leaves W, then it must spend a time interval inside of
W, . However, this orbit cannot leave W, . Thus this orbit cannot connect
to u; which are in W, . Hence |G(y.(?))| < & for small values of o and yx.
Thus G;(y.(t)) — O uniformly in R as (a, x) — 0. Similarly G,(y,(¢)) — 0
uniformly in R as (a, x) — 0. Therefore [V,(£)]7'Gi(y(t)) — O uniformly
as (a, x) — 0, 1 <i<4. Hence condition C; holds.
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Now we will show that condition Cs holds. To do this, for simplicity, we
set Gi(Ya(t)) = zia(t), 1 <i<4. Then for i =1, 2 we have

[Via(t) = Viar ()] < 2|2ia(t) = Ziar (1))
Also from the third equation of (2.2) we can write
07 By — (V = 6%)Byo = & — z34(1) — xa ™' 8y34(1).
Then from this we obtain

a0)B2a(1) = Baa(0) 4 [ [o = 23a9) = xa™' 693a(5)Vha(5) d5
where h,(s) = €7 [j[Va(s) — 6*1ds. Thus
a0)Ba) = ho (0B (0) = B2a(0) = Bur0) +20 [ Tha(5) = (9] ds
=0 [ 23 ha(s) - 210 (5)1ds

t
- /0 [30()ha(5) = V3 () (5)1 5.
Thus for given a > 0, there exist constants b;, 1 < i < 4, such that for
te|0,a],
ha(2)|B2a(2) — Bao (2)| < |Baar (8)| |a(t) — har (8)] + |B24(0) — Baor (0)]

t t
460 [ |hals) ~ hu(s)| ds + [ 1z5ahals) = 235} ()] ds
0 0
+oxa~'s / V30(5)ha(s) = V3arha (5) ds
0
< 1B2a(0) — Bow (0] + by /0 \Va(s) = Vo (5)] ds
vh [ ' | "Valr) = Ve ()] drds + b3 | |\ 23a(s) — 230 (5)] ds

t
+ by /0 V3a(5) = Y3ar(5)] .

Obviously similar inequalities hold for ¢ € [-a, 0]. By using a similar argument
we can show that the same inequality is satisfied for |B3,(¢) — B3 (¢)|. Thus
condition Cs holds.

Now suppose (ay, xx) — 0 and

Yo (1) = (Baic(t), Baic(t), yau (1), y3(2) 5 Vie(t), Te(1))T — »(2)
= (Ba(1), B3(1), »2(2), v3(), V (1), T(O)T,
uniformly in [—a, a]. The first four equalities of (2.2) for y,,(¢) are
V(1) = G1(7e, (7)) s
Y3k (t) = Ga(7e, (1)),
&+ [Vi(t) = 621Ba (1) — xa™ ' 6y3i(t) — 07 By (t) = Ga(va, (1)),
Vi (1) = 821Bsi (1) + xo '6ya(t) — 07" B3k (1) = Ga(a, (1))
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Now Gi(y4, (1)) — 0 and y,,(¢) — y(¢) uniformly on [—a, a], hence y () —
0,i=2,3. .Using these and 0 < ya~! < m in the last two equalities of (6.5)
we obtain {B;.(¢)} is uniformly convergent on [-a, a], i =2, 3, and

e+ [V(t)—621By(t) — a7 'By(t) =0,
[V (1) — 6*1B3(t) — o' B3(1) = 0.
Thus, we obtain
2(u,By,B)=(0,0,e+ (V-0%B, ~07'By, (V - 0)B; — o7 'B;)T,

and the corresponding system of equations to the system (6.2) is (3.5). Since the
system (3.5) is gradient-like with respect to P(u) and P(ug) < P(u;), condition
C; holds too. Thus by Lemma 6.1, Tim{y,(#)}\{uo, u,} is a set of union of the
heteroclinic orbits between uy and u; . On the other hand the stable manifold
at u; for the system (3.5) has dimension one; thus this system admits a unique
orbit between uy and ;. This completes the proof. 0O

Corollary 6.1. Theorem 6.1 is valid for the case a=' = 0, if xa=! — 0 as
a—0.

Proof. 1t suffices to prove that condition C; of Lemma 6.1 holds. First of all
note that in Case 2 of the proof of Lemma 3.4, we showed that for small values
of a and x = 0, the heteroclinic orbits of the system (2.1) between #, and u;
lie in a compact set in the region ¥ > §2. This conclusion is valid for small
values of o whenever y is small too, as y is a regular parameter. Thus we may
assume that along these orbits ¥V —4&2 > m, for some constant m, whenever o
and yx are small. Now differentiating G,(u), G3(u) and |G3(u)| + %mo|G1(u)|
along the orbits of the system (2.1) yield
dGg, G; daG, 1

U a6y 1y 52 a _X
dt —aV’ dt  aV [(V J)Gl+nBZVGS a6G4]’

d 1 1 1
7 (:l:G3 + moGl) v [(V - 52)G| + EmOGg, + %BzVG5 - 2504] .

Since V — 62 > my and L — 0, the flow gets into W, on 9W,, goes out of
W, on dW;NAW, and gets into W; on dW;\@W, for small values of o and
X , where

VV1={u€N012V—'6222

1 |
30, 1G3(0] + 3molGr(w)] < eo |

mg,

W2={ueN0|:V—622%

1
G0 + 3molG1(1)] > 20, G() - Ga(w) > 0}
These results are illustrated in Figure 6.2. Thus p,(¢) must lie in W, for
small values of a and x . Similar to the proof of Theorem 6.1, it follows that

condition C4 holds. O

Let A= (a,n, I, x) >0 and y,(¢) be a connecting orbit between u,
and u;., i=0, 2 correspondmg to A. Suppose A — A9 = (g, Mo, ko, ‘70 ,
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FIGURE 6.2. The arrows show the direction of the flow
on the boundaries of W; and W,

Xo) where some of the components of Ay are zero and the others are the same
as A. Then the set S; = limsup; <;; {71(¢) : t € RP\{w;, ui1}, i =0,2,1is
a nonempty union of complete orbits of the system (2.1) corresponding to Ao,
running from u; to u;y,, i =0, 2. Here A, is an arbitrary upper bound for
the 4, s. In order to prove this, it suffices to show this claim is valid for each
sequence A, as A, — Ag.

First of all suppose A, = (a, n,k,d,;', Xm), 40 = (o, n,k,0,0) and
Am — Ao . Then the system (2.1) corresponding to 4,, and 4y can be written

u=A"(Gi(u), Go(u), GF'(u), GF'(u), Gs(u), Ge(u))T,
u=A""(Gi(u), Go(u), G3(u), G3(u), Gs(u), Gs(u))"

respectively, where

"‘—s+(V—62)B _X_’”a _GL-l
m_(y _ 52 Amg, _ Om
Gy =V 0°)B; + a5y2 aVy;,

Gy=¢e+(V-0%B,, Gi=(V-6%Bs.
Thus
|A_1(Gl s GZ’ ng’ Gzna GS, G6)T - A_l(Gl 5 G2’ Gg’ Gga G5a G6)T|

1 ~1 2M "
< a2l? [(Xm +Op )(|y2| + |y3|)] < W(Xm + 0, ) -0

where M and a are as in Theorem 3.3. Thus all of the conditions of Lemma
3.1.2 in [13] are fulfilled. Hence by that lemma S; is a nonempty union of hete-
roclinic orbits between u; and u;,,, i =0, 2, corresponding to Ag. The above
argument shows that if i, = (o, n,k,0,;!, x) and 4 = (o, 1, k,0, x) or
Im=(a,n,k,07", xm) and Ap = (a, 1, k, a1, 0), then the similar conclu-
sions are valid.
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Now suppose A= (a,n,k,067', %), Ado=(a,n,0,07 1, %), A— 4. We
will show that, in this case, conditions C;-C; of Lemma 6.1 are satisfied. We
need only to check condition C4. To do this, for given g9 > 0, we define

W ={ueN:|Gs(u)| <&}

If we differentiate G¢(u) along the orbits and using ey = TSy —p, er = TSt
we obtain

dG5 G G5 Gg o~!

T TST76 + TSV7 - —y2 (Gl + G).
Since min,ey TSt > 0, it follows that the flow goes out of W on OW for
small values of k. Thus condition C,; holds. Hence by Lemma 6.1, S; is a
nonempty union of heteroclinic orbits.

Finally, suppose A — 49 = (o, 0, k, 067!, x). If 14+py(u) >0 in N (which
is possible when |u; — u;,| is small i = 0, 2), similar to the above, we can
show that conditions C;-C;7 of Lemma 6.1 hold.

Therefore we have proved the following theorem.

Theorem 6.2. Let A = (o, n,k,07', x) > 0 and Ay = (a, no, ko, 75", X0)
where one of the last four components of Aq is zero and the others are the same
as A. Suppose y;(t) is a heteroclinic orbit of the system (2.1) corresponding to
A, between u; and u;.,, i=0,2; A— Ag; and for the case ng =0, |u; — ;|
is small. Then
Sl=hmsup{yl(t) :teR}\{uis ui+l}3 l'_“Oa 2’
Ao<1<11

is a nonempty union of the heteroclinic orbits of the system (2.1) corresponding
to Ag. Here A, is an upper bound for A, s.
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